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Abstract 
According to Christopher Alexander’s theory of centers, a whole comprises numerous, recursively 
defined centers for things or spaces surrounding us. Wholeness is a type of global structure or 
life-giving order emerging from the whole as a field of the centers. The wholeness is an essential part 
of any complex system and exists, to some degree or other, in spaces. This paper defines wholeness as 
a hierarchical graph, in which individual centers are represented as the nodes and their relationships as 
the directed links. The hierarchical graph gets its name from the inherent scaling hierarchy revealed 
by the head/tail breaks, which is a classification scheme and visualization tool for data with a 
heavy-tailed distribution. We suggest that (1) the degrees of wholeness for individual centers should 
be measured by PageRank (PR) scores based on the notion that high-degree-of-life centers are those 
to which many high-degree-of-life centers point, and (2) that the hierarchical levels, or the ht-index of 
the PR scores induced by the head/tail breaks can characterize the degree of wholeness for the whole: 
the higher the ht-index, the more life or wholeness in the whole. Three case studies applied to the 
Alhambra building complex and the street networks of Manhattan and Sweden illustrate that the 
defined wholeness captures fairly well human intuitions on the degree of life for the geographic 
spaces. We further suggest that the mathematical model of wholeness be an important model of 
geographic representation, because it is topological oriented that enables us to see the underlying 
scaling structure. The model can guide geodesign, which should be considered as the 
wholeness-extending transformations that are essentially like the unfolding processes of seeds or 
embryos, for creating beautiful built and natural environments or with a high degree of wholeness. 
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1. Introduction 
It is commonly understood that science is mainly concerned with discovery, but only to a lesser extent, 
with creation. For example, physics, biology, ecology, and cosmology essentially deal with existing 
things in the physical and biological world and the universe, whereas architecture, music, and design 
are about creating new things. This polarization between science and the humanities, or between 
scientists and literary intellectuals, often referred to as the two cultures (Snow 1959), still persists, 
despite some synthesis and convergence (Brockman 1996). However, significant changes have 
happened. First, the emergence of fractal geometry (Mandelbrot 1989) created a new category of art 
for the sake of science (Mandelbrot 1989, Pertgen and Richter 1987). All those traditionally beautiful 
arts, such as Islamic arts and carpet weaving, medieval arts and crafts, and many other folk arts and 
architecture, found a home in science. Fractal geometry and chaos theory for nonlinear phenomena 
constitute part of a new kind of science called complexity science. The second change is large 
amounts of data, so called big data (Mayer-Schonberger and Cukier 2013), harvested from the Internet 
and, more recently, from social media such as Facebook and Twitter. This data has created all kinds of 
complex patterns, collectively known as visual complexity (Lima 2011). These two changes are 
closely interrelated. On the one hand, fractal geometry is often referred to as the geometry of nature, 
being able to create generative fractals that mimic nature, such as mountains, clouds, and trees. On the 
other hand, big data are able to capture the true picture of society and nature. In essence, nature and 
society are fractal, demonstrating the scaling pattern of far more small things than large ones. Both the 
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generative fractals and visual complexity can consciously or unconsciously evoke a sense of beauty in 
the human psyche. 
 
This kind of beauty evoked by fractals and visual complexity is objective, exists in the deep structure 
of things or spaces, and links to human feelings and emotions (Alexander 1993, 2002–2005, 
Salingaros 1995). The feeling is not idiosyncratic, but as a connection to human beings. It sounds odd 
that beauty is objective, because beauty is traditionally considered to be in the eye of the beholder. 
The beauty is an objective phenomenon, i.e., objectively structural, but we human beings do have 
subjective experience of it which may vary. While attempting to lay out the scientific foundation for 
the field of architecture, Alexander (2002–2005) realized that science, as presently conceived, based 
essentially on a positivist’s mechanical world view, can hardly inform architecture because of a lack 
of shared notion of value. This is why most 20th-century architecture created all kinds of slick 
buildings, which continued into the 21st century in most parts of the world. Under the mechanical 
world view, feeling or value is not part of science. The theory of centers (Alexander 2002–2005) 
adopts some radical thinking, in which shared values and human feelings are part of science, 
particularly that of complexity science. In this theory of centers, wholeness is defined as a global 
structure or life-giving order that exists in things and that human beings can feel. What can be felt 
from the structure or order is a matter of fact rather than that of cognition, i.e., the deep structure that 
influences, but is structurally independent of, our own cognition. To characterize the structure or 
wholeness, Alexander (2002-2005) in his theory of centers distilled 15 structural properties to glue 
pieces together to create a whole (see Section 2 for details), and described the wholeness as a 
mathematical problem yet admitted in the meantime no mathematical model powerful enough to 
quantify the degrees of wholeness or beauty.  
 
This paper develops a mathematical model of wholeness by defining it as a hierarchical graph, in 
which the nodes and links respectively represent individual centers and their relationships. The graph 
provides a powerful means for computing the degree of wholeness or life. First, the graph can be 
easily perceived as a whole of interconnected centers, enabling a recursive definition of wholeness or 
centers. Second, spaces with a living structure demonstrate a scaling hierarchy of far more 
low-degree-of-life centers than high-degree-of-life ones. The life or beauty of individual centers can 
be measured by PageRank (PR) scores (Page and Brin 1998), which are based on a recursive 
definition that high-degree-of-life centers are those to which many high-degree-of-life centers point. 
For the graph as a whole, its degree of life can be characterized by the ht-index derived from the PR 
scores; the higher the ht-index, the higher degree of life in the whole. The ht-index (Jiang and Yin 
2014) was initially developed to measure the complexity of fractals or geographic features in 
particular, and it was actually induced by head/tail breaks as a classification scheme (Jiang 2013a), 
and a visualization tool (Jiang 2015a). Things of different sizes can be ranked in decreasing order and 
broken down around the average or mean into two unbalanced parts. Those above the mean, 
essentially a minority, constitute the head, and those below the mean, a majority, are the tail. This 
breaking process continues recursively for the head (or the large things) until the notion of far more 
small things than large ones is violated. 
 
The contribution of this paper can be seen from several aspects. We illustrate the 15 structural 
properties using a generative fractal and an urban layout based on the head/tail breaks. We define 
wholeness as a hierarchical graph to capture the nature of space, with two suggested indices for 
measuring the degrees of life: PR scores for individual centers, and ht-index for a whole. The 
mathematical model of wholeness captures fairly well human intuitions on a living structure, as well 
as Alexander’s initial definition of wholeness. Through the head/tail breaks, this paper helps bridge 
fractal geometry and the theory of centers towards a better understanding of geographic space in terms 
of both the underlying structure and dynamics. The mathematical model of wholeness can be an 
important model for geographic representation in support of geospatial analysis, since it goes beyond 
the current geometric and Gaussian paradigm towards topological and scaling thinking. 
 
The remainder of this paper is structured as follows. Section 2 illustrates the 15 structural properties 
using the Koch snowflake and a French town layout. Section 3 defines the wholeness as a hierarchical 
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individual centers forming a beady ring structure (Figure 2e). An axial line is an approximation of a 
set of adjacent positive spaces along a same direction; refer to Hillier and Hanson (1984) for more 
details.  
 
Good shape 
The concept of good shape is one of the most difficult properties to grasp. Alexander (2002–2005) 
suggested a recursive rule, in which parts of any good shape are always good shapes themselves. This 
sounds very much like self-similarity or alternating repetition. The snowflake is a good shape because 
it consists of many good triangular shapes (Figure 2a). The axial map is a good shape because it 
consists of many good shapes of axial lines (Figure 2f). 
 
Local symmetries  
Local symmetries refer to symmetries at individual levels of scale, rather than only at the global level. 
The snowflake shows both local and global symmetry (Figure 2a). The Alhambra plan (c.f., Section 3) 
is a very good example of local symmetries, so has a higher degree of life than that of the snowflake 
(Figure 2a) and axial map (Figure 2f). 
 
Deep interlock and ambiguity 
The figure and ground can be hardly differentiated while looking at the snowflake along its boundary 
(Figure 1b) because they interpenetrate each other, forming a deep interlock. This property of deep 
interlock and ambiguity is closely related to figure-ground reversal in Gestalt psychology (Rubin 
1921). The same phenomenon appears in the town layout (Figure 2c and 2d), in which the building 
blocks and the pieces between them interpenetrate each other, creating ambiguity in visual perception. 
 
Contrast 
Contrast recurs between adjacent centers, thus strengthening the related centers. This kind of contrast 
appears between a big dot and its surrounding small dots (Figure 2b), and between the building blocks 
and the positive spaces (Figure 2d). There are many other different pairs of contrast, such as between 
the head and tail, red and blue, warm and cold colors, and a minority in the head and a majority in the 
tail. 
 
Gradients 
The centers gradually strengthen from the smallest to the largest scale, from the shortest to the longest 
line, from blue to red (Figure 2f), from the smallest to biggest dots (Figure 2b), and from the 
least-connected to the most-connected lines. This property of gradients can also be referred to as the 
scaling hierarchy ranging from the smallest to the largest.  
 
Roughness  
Roughness is what differentiates fractal geometry from Euclidean geometry and is synonymous to 
messiness or chaos. The border of the snowflake (Figure 2a) is rough, and an axial line is a rough 
representation of individual set of convex spaces (Figure 2f). Things with roughness may look messy 
or chaotic, but they possess a degree of order. It should be noted that both mathematical snowflake 
(Figure 2a) and real snowflake are rough, yet the former being strictly rough, while the latter 
statistically rough. 
 
Echoes 
The property of echoes can be compared to that of self-similarity in fractal geometry. In the snowflake, 
the triangle shape echoes again in different parts and in different sizes (Figure 2a). The scaling pattern 
of far more short lines than long ones (or the head-tail contrast) recurs or echoes four times (Figure 
2f). 
 
Void 
Void is defined as an empty center at the largest scale, surrounded by many other smaller centers. 
Under this definition, the largest center in the snowflake is a void (Figure 2b), as is the longest axial 
line (Figure 2f). In general, the highest class (which may involve multiple elements) induced by the 
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The three case studies demonstrate that the defined wholeness, or hierarchical graph, captures fairly 
well human intuitions on the degree of life. Various maps or patterns based on the head/tail breaks 
classification were found to have a higher degree of life than those using natural breaks through the 
mirror-of-the-self test (Wu 2015). It was also found that the kind of skills of appreciating the living 
structure can be improved through training. The reader might have noticed that the hierarchical graph 
goes beyond the exiting geographic representations (Peuquet 2002), since it is topological rather than 
geometric (Jiang and Claramunt 2004). The topological representation enables us to see the 
underlying scaling pattern, which constitutes a different way of thinking, the Paretian thinking, for 
geospatial analysis (Jiang 2015b). The model of wholeness would contribute fundamentally to 
geodesign by orienting or re-orienting it towards beautiful built and natural environments or with a 
high degree of wholeness. Geodesign, as currently conceived (e.g., Lee, Dias and Scholten 2014), 
mainly refers to a set of geospatial techniques and technologies for planning built and natural 
environments through encouraging wide-range human participation and engagement. However, there 
is a lack of standards in terms of what a good environment is. The model of wholeness provides a 
useful tool and indices for measuring the goodness. We therefore believe that geodesign should be 
considered as the wholeness-extending transformations, or something like the unfolding processes of 
seeds or embryos (Alexander 2002–2005) towards a high degree of wholeness (see a further 
discussion in Section 5). This idea of unfolding applies to map design as well, since maps are 
essentially fractal and possess the same kind of beauty (Jiang 2015c). This is in line with what we 
have discussed at the beginning of this paper that design should be part of complexity science. The 
mathematical model of wholeness also points to the fact that the wholeness or degree of life is 
mathematical and computational (Alexander 2002–2005), and it captures the nature of space, or 
geographic space in particular. The next section adds some further discussions on the mathematical 
model of wholeness and its implications in the era of big data. 
 
 
5. Further discussions on the mathematical model of wholeness 
Wholeness emerges from recursively defined centers, so it can be considered as an emergence of 
complex structures. To sense or appreciate the wholeness, we must develop both figural and analytical 
perception, or see things holistically and sequentially. However, a majority of people tend to see 
things analytically rather than figuratively (Alexander 2005). These two kinds of perception help us 
see a whole and its building-block centers, and perceive the degree of life or wholeness through the 
interacting and reinforcing centers. These perception processes are manifested in the mathematical 
model of wholeness. In other words, this model enables us to see things in their wholeness from their 
fragmented, yet interconnected, parts. The wholeness, or life, or beauty is something real, rather than 
a matter of opinion (Alexander 2002–2005). This kind of beauty exists in geographic space, arising 
from the underlying scaling hierarchy, or the notion of far more small geographic features than large 
ones (Jiang and Sui 2014). Large amounts of geographic information harvested from social media and 
the Internet enable us to illustrate striking scaling patterns (Jiang and Miao 2014, Jiang 2015a) and 
assess the goodness of geographic space. 
 
The 15 properties are mainly considered as structural properties or the glue that holds space together, 
through which wholeness can be constructed. Recognition of the underlying structure is just one part 
of science - discovery. The other part is how to generate the kind of structure, or creation of the living 
structure, which is the central theme of the second book (Alexander 2002-2005). The 15 properties 
also can act as the glue for the creation, or the wholeness-extending transformations. For example, the 
process of generating the snowflake (Figure 1) is not additive but transformative. At each step, we do 
not just add smaller triangles, but transform the previous version as a whole, to give it more 
centeredness or wholeness by inducing more triangles (or centers in general) to intensify those that 
exist already. This generative process of the snowflake is the same as that of creating the life of the 
column in the step-by-step fashion elaborated by Alexander (2002-2005). In this regard, the 
mathematical model of wholeness is of use to guide the unfolding process because both the PR scores 
and ht-index provide good indicators for the degrees of life.  
 
The mathematical model of wholeness is not limited to measuring the degree of life in geographic 
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space. It can be applied to artifacts such as Baroque and Beaux arts, kaleidoscopes, and visual 
complexity generated from big data (Lima 2011). In spite of the popularity of the generative fractals 
and visual complexity, the question as to why they are beautiful has never been well-addressed. 
Through our model, we are able to not only explain why visual complexity and generative fractals are 
beautiful, but also measure and compare the degree of beauty. This kind of beauty exists in the deep 
structure, rather than in the surface coloring or appearance. This sense of beauty belongs to 90 percent 
of our self, or our feelings are all the same (Alexander 2002–2005). Importantly, the beauty has 
positive effects on human well-being. Taylor (2006) found that generative fractals, much like the 
natural scenes (Ulrich 1984), can help reduce physiological stress. Salingaros (2012) further argued 
that well-designed architecture and urban environments should have healing effects. 
 
With the model of wholeness, the kind of beauty becomes computable and quantifiable. We 
mentioned earlier how the computed degree of life is consistent with human intuitions on living 
structures. One way to verify this is through eye-tracking experiments of human attention while 
watching a building plan such as the Alhambra (Yarbus 1967, Duchowski 2007). The captured 
fixation points from a group of people can be analyzed and compared to the degree of life computed 
using the model. This state-of-the-art methodology complements the mirror-of-the-self test, which 
only captures human intuitions on degree of life for a pair of patterns or things. The digital 
eye-tracking data can verify or compare our computed results on the degree of life. The beauty 
constitutes part of complexity science (Casti and Karlqvist 2003, Taylor 2003) and helps bridge 
science and arts in the big data era. 
 
 
6. Conclusion 
According to the theory of centers, all things and spaces surrounding us possess a certain degree of 
order or life, and those with a high degree of order are called living structures. This order 
fundamentally differs from what we are used to: regularity in terms of Euclidean geometry or 
normality in terms of Gaussian statistics. To put it more broadly, we are used to the 20th-century 
scientific worldview (mechanistic in essence), in which beauty is considered a matter of opinion, 
rather than that of fact. The living structure that exists in nature (e.g., Thompson 1917), as well as in 
what we build and make (e.g., Alexander et al. 1977) has many, if not all, of the 15 properties. This 
paper illustrated the 15 properties using two examples of space: the generative fractal snowflake and 
the French settlement layout. The illustration is well-supported by the head/tail breaks, a new 
classification scheme and visualization tool for data with a heavy-tailed distribution. We have shown 
the recurrences of the 15 properties in the living structures, making the 15 properties less elusive. 
 
To quantify the living structure, this paper developed a model of wholeness based on Alexander’s 
mathematical view of space. This model is a hierarchical graph in which numerous centers are 
represented by the nodes and their interactions are the directed links. Based on the initial definition of 
wholeness, particularly its recursive nature of centers, we suggested PR scores and ht-index as good 
proxies for the degrees of life because of their recursive nature. The three case studies presented some 
strong results. For example, the centers with the highest degrees of life in the Alhambra plan capture 
fairly well human intuitions on a living structure. More importantly, the degrees of life for both 
Manhattan’s and Sweden’s street networks demonstrate very striking power laws. These results are 
encouraging in terms of recognizing and appreciating the living structure. However, we are still far 
away from creating the kind of living structure known as the field of harmony-seeking computations 
(Alexander 2005). In this regard, we believe that the mathematical model of wholeness and related 
measures shed light on the wholeness-extending transformations. Our future work points in this 
direction. 
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